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Abstract. We give a formula for the values of automorphic Green functions on the spe- 
cial rational 0-cycles (big CM points) attached to certain maximal tori in the Shimura 
varieties associated to rational quadratic spaces of signature (2d, 2). Our approach de- 
pends on the fact that the Green functions in question are constructed as regularized 
theta lifts of harmonic weak Mass forms, and it involves the Siegel-Weil formula and the 
central derivatives of incoherent Eisenstein series for totally real fields. In the case of a 
weakly holomorphic form, the formula is an explicit combination of quantities obtained 
from the Fourier coefficients of the central derivative of the incoherent Eisenstein series. 
In the case of a general harmonic weak Maass form, there is an additional term given by 
the central derivative of a Rankin-Selberg type convolution. 



1. Introduction 

In 1985, Gross and Zagier discovered a beautiful factorization formula for singular moduli 
|GZ] . This has inspired a lot of interesting work, including Dorman's generalization to odd 
discrinants |Doj . Elkies's examples on Shimura curves [El] and Lauter's conjecture on the 
Igusa j-invariants ( |GLj . |Ya2] . |Yalj ). among others. In his thesis, Schofer |Scho] proved 
a much more general factorization formula for the 'small' CM values of Borcherds modular 
functions on a Shimura variety of orthogonal type via regularized theta liftings. The proof is 
very natural and is based on a method introduced in |Ku3] . Two of the authors adapted the 
same idea to study the 'small' CM values of automorphic Green functions and discovered 
a direct link between the CM value and the central derivative of a certain Rankin-Selberg 
L-function. This direct link is used to give a different proof of the well-known Gross- 
Zagier formula |BY2] . Here 'small' means that the CM cycles are associated to quadratic 
imaginary quadratic fields. On the other hand, the two authors also extended Gross and 
Zagier's factorization formula, using a method close to Gross and Zagier's original idea, 
to 'big' CM values of some Hilbert modular functions on a Hilbert modular surface. Here 
'big' means that the CM cycle is associated to a maximal torus of the reductive group 
giving the Hilbert modular surface. 
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A motivating question for this paper is whether this 'big' CM value result can also be 
derived using the regularized theta lifting method in [Scho] and |BY2] , which is more natu- 
ral and simpler. While the small CM cycles are constructed systematically and associated 
to rational negative two planes in the quadratic space defining the Shimura variety, no big 
CM cycles are constructed this way. In Section [21 we describe a way to construct big CM 
cycles in some special Shimura varieties (including Hilbert modular surfaces), and study 
their Galois conjugates. In Sections [3HSI we extend the CM value result in |BY2] to this 
situation. In Section [6J we restrict to the special case of Hilbert modular surfaces and give 
a new proof of the main results in |BV l~j and a generalization. Actually, to get the CM 
cycles in |BY1] from this construction is not straightforward and quite interesting. An 
arithmetic application is given at the end of Section |6j We now describe this work in more 
detail. 

Let (V, Qv) be a rational quadratic space of signature (2d, 2) for some positive integer 
d > 1. Let G = GSpin(V) and let K C G(Q) be a compact open subgroupj. Let D be the 
associated Hermitian domain of oriented negative 2-planes in V(M) = V ®q K, and let 

(1.1) X K = G(Q)\(BxG(Q)/K) 

be the associated Shimura variety which has a canonical model over Q. Assume that there 
is a totally really number field F of degree d + 1 and a two-dimensional F-quadratic space 
(W, Qw) °f signature 

sig(H/) = ((0,2),(2,0),---,(2,0)) 
with respect to the d + 1 embeddings {o"j}j =0 such that 

V = Res F/Q W, Qv{x) = tr F/Q Q w (x). 

Then there is an orthogonal direct sum decomposition 

V(R) = ® 3 W aj , W aj = W ® F , aj E. 

The negative 2-plane W ao gives rise to two points z$ in D. Let T be the preimage of 
ReSir/Q SO(PF) C SO(V) in G. Then T is a maximal torus associated to the CM number 
field E = F(y/— det W), and we obtain a 'big' CM cycle in X K : 

Z{W,z£) = T(Q)\({4} x T(Q)/K T ), 

where K T = T(Q) n K. The CM cycle Z(W, 4) is defined over F, and the formal sum 
Z{W) of all its Galois conjugates as a 0-cycle in X K is defined over Q. We refer to Section [2] 
for details. 

Let L be an even integral lattice in V such that K preserves L and acts trivially on 
L'/L, where V is the dual lattice. Let Sl be the space of locally constant functions on 
V = V <g> Q which are L- invariant and have support in L', and let pi be the associated 

x Wc write Q = Q ® z Z for the finite adeles of Q, where Z = ^ Z/nZ. 
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'Weil representation' of SL 2 (Z) on it. For each harmonic weak Maass form / e H\-^p L , 
there is a corresponding special divisor Z(f) (determined by the principal part of /) and an 
automorphic Green function $(•,/) which is constructed in [BF] as a regularized theta lift of 
/ (see Section EJ). On the other hand, associated to L, there is also an incoherent (vector 
valued and normalized) Hilbert Eisenstein series E*(r, s, L, 1) of parallel weight 1 (see 
SectionH]) such that its diagonal restriction to Q is a weight d+1 non-holomorphic modular 
form with representation p^. Let S(t,L) be the 'holomorphic part' of E*''(r A , 0, L, 1), 
where, for r G HI, we put r A = (t, ■ ■ ■ ,r) E M d+1 . Finally define the generalized Rankin- 
Selberg L-function 

(1-2) C(s, £(/), L) = (E*(t a , s, L, 1), e(/))p c t 

to be the Petersson inner product of the pullback of the Eisenstein series and the holomor- 
phic cusp form £(/) of weight d+1, given by the differential operator £(/) = 2iv 1 ~ d ^. In 
Section [51 we prove the following general formula, which is similar to that in |Scho] and 
[BY21 Theorem E2J. 

Theorem 1.1. Let the notation be as above. Then 

(1.3) HZ(W),f) = d ^ ( ^ } (CT[</ + (r),£(r,L)>] - C'(p,Z(J),L)) . 

Here Xe/f is the quadratic Hecke character of F associated to E/F, f + is the holomorphic 
part of f , and CT[(/ + (r), £{r, L))\ is the constant term of 

(f + (r),£(r,L))= ^ f + (j, p) £(r, L, p), 
neL'/L 

where f + (r,p) is the p-component of f + , and £(r, L, p) is the p-component of£(r,L). 

In the special case that / is weakly holomorphic, $(■,/) is the Petersson norm of a 
meromorphic modular form ty(-,f) on Xk given by the Borcherds lift of /. The second 
summand on the right hand side of (11.31) vanishes and the first summand gives an explicit 
formula for the evaluation of f) on the CM cycle Z(W). 

Note that the first summand CT[(/ + (r), £ (r, L))] is of arithmetic nature and this theo- 
rem suggests two interesting conjectures about arithmetic intersection numbers and Falt- 
ings heights of big CM cycles, see Conjectures 15.41 and 15.51 

Also note that, in contrast with the situation in [B Y2j . the function £(s,£(f), L) is not 
a standard Rankin-Selberg integral, since it involves the pullback of a Hilbert modular 
Eisenstein series. We expect that it is related to a Langlands L-function for the group G 
and hope to pursue this idea in a subsequent paper. 

To explain the Hilbert modular surface case in [BYlj . let E be a non-biquadratic quartic 
CM number field with real quadratic subfield F = Q(\/D) with fundamental discriminant 
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D. Let a be the non-trivial Galois automorphism of F. Let 

V:= {A e M 2 (F) : a{A) = A"} = {A= (^ b $) '■ u E F,a,b E Q} 

and let 

L = {A= (^HS) : ueO F ,a,beZ}. 

Here A i— > A L is the main involution of Mi{F'). The group 

G(Q) = GSpin(y)(Q) = {ge GL 2 (F) : detg E Q x } 

acts on V via g.A = a(g)Ag^ 1 . The Shimura variety X% is a Hilbert modular surface, 
and, for suitable choice of K, is isomorphic to SL2(Of)\H 2 . Now we describe the CM 
cycle CM(E) in [BYl], the locus of abelian surfaces over C with CM by Oe, as a formal 
sum of Z(W) 7 s. For a principally polarized CM abelian surface A = (A, k, A) of CM type 
(Oe, £), let M = Hi(A, Z) with the action of Oe induced by k and the symplectic form A 
induced by the polarization. Define the lattice 

L(A) = {j E End(M) : j o K (a) = K {a{a)) o j, a E O f , j* = j} 

of special endomorphisms of M with Z-quadratic form Q(j) = j 2 , where j* is the 'Rosati' 
involution induced by A. Let V(A) = L(A) ® Q. Then one can show that the rank 4 
quadratic lattice (L(A),Q) = (L, det) is independent of the choice of A. On the other 
hand, let E be the reflex field of (E, S), which is generated by the type norms Ns(r), r E E, 
defined in (16.41) . and let F = Q(\^D) be the real quadratic subfield of E. It turns out 
([HYJ, see also Section |6]) that ^(A) has a natural E- vector space structure together with 
an F-valued quadratic form Qx such that 

Ns(r) • j = n(r) o j o n(f) 

for any r E E, and 

^e/ Q QaU) = QU), jeV(A). 

Let ^(A) = (V(A), Qa) be the resulting 2-dimensional quadratic space over F. Then the 
rational torus associated to W(A) is 

T(R) = {rE (R® Q E) X : rf E R x } 

and its rational points T(Q) act on W (A) via r • j = -4 «;(r) oj o «;(f). However, in general, 
different A's might give different F-quadratic spaces and different incoherent Eisenstein 
series E*(f, s, L(A), 1). The CM cycle CM(E) is a union of such CM cycles, and The- 
orem [LTJ gives a formula for the CM value $(CM(£ 1 ),/) in terms of several incoherent 
Eisenstein series. When D = 1 mod 4 is a prime, however, the formula becomes simple 
and only one incoherent Eisenstein series is involved, as in |BY1] (see Theorem 16. 8j) . We 
have the following result (Theorem 16. lip . 
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Theorem 1.2. Let E be a CM quartic field with discriminant D 2 D with D = 1 mod 4 
prime and D = 1 mod 4 square free and with real quadratic subfield F = Q(a/D). Let 
f £ Ho,p L as above. Then 

$(CM(£), /) = d6 ^^ )} (CT[</+ , £(r, L)>] - £'(0, £(/), L)) . 

i/ere L = 0g witt F -quadratic form Q{r) = j^rf, and A(s,x) is the complete L- 

V D 

function of the quadratic Hecke character x of F associated to E/F defined in 

We expect the factor de ^™^^ to be 1 and prove it in some special cases in Section [61 
We also give a scalar modular form version of this theorem and arithmetic applications in 
Section O In particular, we have the following result. 

Theorem 1.3. Assume that E is a quartic CM number field with absolute discriminant 
dp = D 2 D and real quadratic subfield F = Q(\/D) such that D = 1 mod 4 is prime and 
D = 1 mod 4 is square-free. Assume further that 

o E = o F + o F ^^ 

is free over Op, where w,A<E Op. Let X be a regular toroidal compactification of the 
moduli stack of principally polarized abelian surfaces with real multiplication by Op, [Raj . 
[DPj . For any f £ H Q p L with c + (0,0) = ; let Z(f) be the closure of Z(f) in X and 

let Z(f) = (£(/),$(-,/)) £ CH (X) c . Let CM(E) be the moduli stack of principally 
polarized abelian surfaces with CM by Op. Then 

(Z(f),CM(E))v aX = -~j£(0,Z(f),L). 

The idea of constructing big CM cycles was communicated to one of the authors (T.Y.) 
a couple of years ago by Eyal Goren in a private conversation. We thank him for sharing 
his idea. A slightly more general type of CM point is discussed in |Shim[ Section 5], and 



our result (Theorem II .ip can undoubtedly be extended to that case. 

It is interesting to note that the Shimura variety Sh(C7, D) attached to G = GSpin(V) 
is of PEL-type only for small values of d where accidental isomorphisms occur. In these 
cases, the moduli theoretic interpretation of the 0-cycles defined in Section 2 is slightly 
subtle. Thus, for example, as shown in Section 6, in the Hilbert modular surface case, the 
0-cycle associated to abelian surfaces with CM by a non-biquadratic quartic CM field E/F 
is a union of the 0-cycles constructed in Section 3 for the reflex field E/F. 

The second author would like to thank the Department of Mathematics at the University 
Paris-Sud at Orsay, for their hospitality and stimulating working environment during the 
month of May 2010. The third author thanks the AMSS, the Morningside Center of 
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Mathematics at Beijing, and the Mathematical Science Center at Tsinghua University for 
providing him excellent working conditions during his summer visits to these institutes. 

2. The Shimura variety and its special points 

As in Section (TJ let F be a totally real number field of degree d+1 over Q with embeddings 
{<7j}jL into R. Let W, ( , )w be a quadratic space over F of dimension 2 with signature 

sig(W0 = ((0,2),(2,0),...,(2,0)). 

Let V = ResF/qW be the underlying rational vector space with bilinear form (x,y)v = 
trp/Q(x,y)w There is an orthogonal direct sum 

(2.1) V® Q R = ® j W aj 

of real quadratic spaces where W aj = W<g>F,aj R, and sig(V) = (2d, 2). Let G = GSpin(V). 
Then there is a homomorphism 

(2.2) Res F/Q GSpin(W) — ► G 

of algebraic groups over Q which, on real points, gives the homomorphism 

(2.3) Res F/Q GSpin(W)(R) = JJ GSpin(W ffJ ) — > GSpin(K <g> Q R) = G(R), 

j 

associated to the decomposition (12. ip . 

Lemma 2.1. Let T be the inverse image in G of the subgroup Resp/q SO(W) ofSO(V). 
Then T is a maximal torus of G and is the image of the homomorphism A2.2\) . 

Note that there is thus an exact sequence 

(2.4) 1 — >G m — > T — ► Res F/Q SO(W) — ► 1 

of algebraic groups over Q, where G m is the kernel of the homomorphism GSpin(V) — >■ 
SO(V). 

A more explicit description of T can be given as follows. The even part C F (W) = E 
of the Clifford algebra of W over F is a CM field of degree 2d + 2 over Q. The odd part 
of the Clifford algebra C F {W) = W = Ewq is a one dimensional vector space over E 
with quadratic form Qw(awo) = aN e/f(o), where a = Qw( w o) G F x is an element with 
cro(a) < and o~j(a) > for j > 1. Then, on rational points, we have 

Res F/Q GSpin(iy)(Q) — )• T(Q) — )• Res F/Q SO(W)(Q) 

E x — > E x /F 1 — > E x /F x 

where E x / F x ~ E 1 , via h->- j3//3 is the kernel of Ne/f, an d F 1 is the kernel of N f /q. 

Fixing an identification S = Res<c/RG m ~ GSpin(W / ' (T0 ), we obtain a homomorphism 
ho : § — > Gr of algebraic groups over R corresponding to the inclusion in the first factor 
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in f)2.3p . Let D be the G(IR)-conjugacy class of h . Let {e , fo} be a standard basis of 
W Q C V ®q 1R. Then it is easy to check 

gh Q g- 1 i-> Rge + Rgf 

gives a bijection between D and the set of oriented negative 2-planes in V ®q R. We will 
not distinguish between the two interpretations of D. Note that the choice of orientation 
determined by {e , fo} is equivalent to the choice of an extension of a to an embedding of 
E into C, which we also denote by o"o- 

Let K be a compact open subgroup of G(Q), where F stands for the finite adeles of a 
number field F. Let Xk = Sh(G, Hq)k be the canonical model of the Shimura variety over 
Q with 

X K (C)=G(Q)\(®xG(Q)/K). 

By construction, the homomorphism ho factors through Tr and is fixed by conjugation 
by T(R), so we have, for any g G G(Q), a special 0-cycle in Xk according to [Mil Page 
325] 

(2.5) Z(T, h , g) K = T(Q)\ ( {h } x T(Q)/K 9 T ) -> X K , [h , t) ^ [h , tg) 

where = T^Q^ngKg -1 . Note that Kj, depends only on the image of g in SO(V)(Q). We 
will usually drop the subscript K and identify Z(T, ho, g) with its image in Xk, but every 
point in Z{T, h , g) is counted with multiplicity 2 and wx,T, g = #(T(Q) fl gKg^ 1 ). In 
particular, for a function / on Xk, we have 

(2.6) f(Z(T, h Q ,g)) = J2 ffa,tg)- 

teT(Q)\T(A f )/K°. 

When g — 1, we will further abbreviate notation and write Z(T, /io) f° r Z(T, ho, 1). 

The 0-cycle Z(T, h ) is defined over (T (E), the reflex field of (T, /i )- We next describe 
its Galois conjugates t(Z(T, h )) for r G Aut(C/Q). 

For j G {0, . . . , d}, let IV (j) be the unique (up to isomorphism) quadratic space over F 
such that W(j) <S>f F v and ®f ^ are isometric for all finite place v of F, and such that 

(2.7) sig(WO')) = ((2, 0), . . . , (2, 0), (0, 2), (2, 0) ... , (2, 0)). 

Note that, although the quadratic spaces W = W(0) and W(j) over F are not isomorphic 
for j 0, there is an isomorphism Cp(W(j)) ~ Cp(W) = E of their even Clifford algebras. 
Let V(j) = 'Rjesp/qWij) with bilinear form (x,y)v(j) = tr F /Q(x, y)w(j)- The signature of 
V(j) is (2d, 2) and the quadratic spaces V(j) and 1/ are isomorphic. We fix an isomorphism 



(2.8) 



v(j) y 
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and hereafter identity V(j) with V. Let T(j) be the preimage of Resi?/Q SO(W(j)) C 
80(1/) in G and let h (j) : § — > G^. be the homomorphism defined, as above, by an iden- 
tification of § with GSpin(W(j) ®F,oj For g G G(Q), the analogue of the construction 
above yields a special O-cycle Z(T(j), ho(j),g) on defined over o~j(E). 
We fix an F-linear isometry 

(2.9) Mi : W(j)(F) ^ W{F). 

Noting that there are canonical identifications W(j)(F) = V(j)(Q) and W{F) = V(Q), 
and using the fixed identification of V and V(j), there is a unique element <7 J)0 G 0(^)(Q) 
such that the diagram 

W(j)(F) ^ W{F) 

(2.10) II ^ II 

V(Q) M 7(Q) 

Modifying the isometry /ij by an element of 0(1^) (F), if necessary, we can assume that 
g jfi G SO(V)(Q). For any element gj G G(Q) with image g^o in SO(V)(Q), the finite adele 
points of the tori T(j) and T are related, as subgroups of G(Q), by 

(2.H) T(j)(Q) = 9j T(Q)gj\ 

and hence 

(2.12) Kl r . = gjKrgJ 1 . 

These relations depend only on the image g^o of gj. 

The reciprocity laws for the action of Aut(C) on special points of Shimura varieties 
[MSJ] . [MS.IIj . pi] , yields the following result. 



Lemma 2.2. Let the notation be as above and let r G Aut( 

(1) If t = o~j o Cq 1 on a (E), then there is a preimage gj of gj^, unique up to an element 
of Q x , such that 

r(Z(T,ho)) = Z(T(j),h {j),9 j )- 

(2) If r = p is complex conjugation, then 

r(Z(T,h )) = Z(T,h ). 
Here h$ is the map from S> to G K induced by § — )■ GSpin(W / (J0 ), z \-> z. 
We will write 

Z(T(j),h£V), 9j ) = Z(T(j),h+(j), 9j ) + Z(T(j),h (j), gi ). 
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We will also write Zq(J) G D for the oriented negative two planes in V(R) associated h^j). 
Let 

d 

(2.13) Z{W) = Y J Z(T(j),z±(j),g ] ) G Z 2d (X K ) 

3=0 

Then Z(W) is a 0-cycle defined over Q. 

3. Special divisors and automorphic Green functions 

In this section, we briefly review the special divisors defined in |Ku2j and their 'auto- 
morphic' Green functions defined by the first author and Funke using regularized theta 
liftings [Br2] . [BF] . We prove that these special cycles do not intersect with the special 
cycles defined in Section [2j 

Let x G V(Q) be a vector of positive norm. We write V x for the orthogonal complement 
of x in V and G x for the stabilizer of x in G. So G x = GSpin(V^). The sub-Grassmannian 

(3.1) B x = {z G D; z ± x} 

defines an analytic divisor of D. For g G G(Q) we consider the natural map 

(3.2) G X (Q)\B X x G X (Q)/(G X (Q) n gKg- 1 ) — ► X K , (z, 9l ) ^ {z,g l9 ). 

Its image defines a divisor Z(x,g) on Xk, which is rational over Q. For m G Q>o and 
G S(V(Q)) K , if there is an x G V(Q) with Q(x ) = m, we define the weighted cycle 

(3.3) Z(m,(p)= ^ <p(g~ l Xa)Z{xo,g)- 

9£G X0 (Q)\G(Q)/K 

It is a divisor on Xk with complex coefficients. Note that, since <p has compact support 
in V(Q) and the orbits of K on the compact set G(Q) ■ x fl supp(yj) are open, the sum is 
finite. If there is no xq G V(Q) such that Q(xq) = m, we set Z(m, (p) = 0. 

Proposition 3.1. Let the notation be as above. Then Z(m,<p) and Z(T(j),h (j), gj) do 
not intersect in Xk- 

Proof. It suffices to show that Z(x,gi) fl Z(T, h , g 2 ) is empty for every x G V(Q) with 
Q(x) > and g\,g% G G(Q). Suppose P = [z,hgi\ = [z ,tg2\ is in the intersection, where 
z = IReo + M/o is the negative two plane associated to ho, and z is a negative two-plane 
in V(R) which is orthogonal to x. Then there are 7 G G(Q) and k G K such that 

(7)00^ = z , lhg x k = tg 2 . 

Here 7 is the image of 7 in G(Q). Let y = 72 G V(Q). Then 2 _L z implies that 
y _L z , i.e., (cr (?/),eo) = (co(y),fo) — 0. This implies that a (y) = and thus y = 0, a 
contradiction. □ 
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Let L be an even integral lattice in V, i.e., Q(x) = x) G Z for x G L, and let 

U = {y G V : (x, y) G Z, for x G L} D L 

be its dual. For p G L'/L, we write ^ = char(/z + L) G 5(V(Q)) and Z(m,p) = 
Z(m,(pn), where L = L eg) Z. Associated to the reductive dual pair (SL 2 ,0(V)) there is 
a Weil representation uj = of SL 2 (A) on the Schwartz space S'(V(A)), where ip is the 
'canonical' unramified additive character of Q\A with ipoo(x) = e(x). Since the subspace 
Si, = ®Cip^ C 5(y(Q)) is preserved by the action of SL 2 (Z), there is a representation p L 
of T = SL 2 (Z) on this space defined by the formula 

where 7 G SL 2 (Z) is the image of 7. This representation is given explicitly by Borcherds 

as 

(3-4) PL{T)(<p») = e(Q(jj?))<p li , 

(3-5) p L (S)( V ,) = e -^^ £ 

V\ L / L \ u eL'/L 

where T = ^ M and S = ( ^ see e.g. |Bolj . |Ku3] . |Br2] . Note that the complex 

conjugate pi is thus the restriction of 00 to the subgroup SL 2 (Z) C SL 2 (Z). 

Recall that a smooth function / : EI — > Si is called a harmonic weak Maass form (of 
weight k with respect to T and p{) if it satisfies: 

(i) / \k, PL 7 = / for all 7 G T; i.e., 

/(7r) = (cr + d)W7)/(r). 

(ii) there is a ^-valued Fourier polynomial 

such that /(r) — -P/(r) = 0(e~ e,J ) as t> — >■ 00 for some e > 0; 

(iii) A*;/ = 0, where 

A ■=-v 2 (— + —)+tkv(— + 1— 

\dv? dv 2 J \du dv 

is the usual weight k hyperbolic Laplace operator (see [BFj ). 

The Fourier polynomial Pf is called the principal part of /. We denote the vector space 
of these harmonic weak Maass forms by Hk PL . Any weakly holomorphic modular form 
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is a harmonic weak Maass form. The Fourier expansion of any / G H^ PL gives a unique 
decomposition f = f + + f~ , where 

(3.6a) /+( T )= £ E c + (n,/i)g>„ 

fieL'/L neQ 

(3.6b) T(r)= ^ ^c-(n,^)r(l-A; J 47r|n|7;)g n ^, 

71<0 

and, for a > 0, a) = f a °° e _ 't s_1 (it is the incomplete T-function. We refer to / + as the 
holomorphic part and to /~ as the non-holomorphic part of /. 

Recall that there is an antilinear differential operator £ = : iffc, Pi — >■ S2-k,p L , defined 

by 



(3-7) /(r)^«/)(r):=2i«*^/(r). 
By |BF[ Corollary 3.8], one has the exact sequence 

(3-8) M' ktPL H KPL — L S 2 _ Ml . 

Let / G Hi_d ) p L be a harmonic weak Maass form of weight 1 — d with representation pL 
for T, and denote its Fourier expansion as in (13.6H . Let be the dual space of Sl — the 
space of linear functionals on Sl, and let {<^} be the dual basis in S^ of the basis {f^} 
of Sl- Recall that the Siegel theta function 



ft 



is an S^- valued holomorphic modular form of weight d — 1 for T and pl defined as follows 
(see |BY2t Section 2] or |Ku3] for details). For zeD, one has decomposition 

V(R) = z © z x , x = x z + x z ±. 

Let (x,x) z = — (x z ,x z ) + (x z ±,x z ±) and define the associated Gaussian by 

(3.9) Voo {x,z) = e-< x ^. 

Then, for rGi, [ z ,g\ £ Xk, and (p G 5(V(Q)), the theta function is given by 



9(r,z,g,<p) = v^ 1 d) u(g' T )(Poc(x,z)<p(g V), g' T = ( V * ™ ^ G SL 

Here g acts on V via its image in SO(V). 
We consider the regularized theta integral 

preg 

(3.10) *{z,g,f)= / (f(r),e L (T,z,g))dp(T) 



T 
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for z G D and g G G(Q), where T is the standard domain for SL2(Z)\H. The integral 
is regularized as in [Bolj . |BF] . that is, $(z,g,f) is defined as the constant term in the 
Laurent expansion at s = of the function 



(3.11) lim / (f(T),9 L (T,z,g))v- s dfi(r). 

T ^°° J F T 

Here Tt — {j G H; \u\ < 1/2, |r| > 1, and v < T} denotes the truncated fundamental 
domain and the integrand 

(3.12) (f(r),6 L (T,z,g))= £ U(t)0(t, z, g, ^) 

is the pairing of / with the Siegel theta function, viewed as a linear functional on the space 
S L . 

The following theorem summarizes some properties of the function §(z, g, f) in the setup 
of the present paper (see |Br2] . |BF] ). 

Theorem 3.2. The function Q(z,g,f) is smooth on Xx\Z(f) , where 

(3.13) Z(f)= ^c + (-m, M )Z(m,//). 

fieL'/Lm>0 

It has a logarithmic singularity along the divisor —2Z(f). The (l,l)-form dd c Q(z, g, f) 
can be continued to a smooth form on all of X K . We have the Green current equation 

(3.14) dd c mz,g,f)} + 5 z{f) = [dd c ^(z,g,f)}, 

where 5z denotes the Dirac current of a divisor Z. Moreover, if A z denotes the invariant 
Laplace operator on D, normalized as in |Br2] . we have 

(3.15) AM^gJ) = j-c + (o,o). 

In particular, the theorem implies that <$>(z,g, /) a Green function for the divisor Z(f) 
in the sense of Arakelov geometry in the normalization of |SABKj . (If the constant term 
c + (0, 0) of / does not vanish, one actually has to work with the generalization of Arakelov 
geometry given in |BKKj .) Moreover, we see that <3>(z, g, /) is harmonic when c + (0, 0) = 0. 
Therefore, it is called the automorphic Green function associated with Z(f). Notice also 
that Z(f) has coefficients in Q(f), the field generated by the c(— m,/i), m > 0. 

4. CM values of Siegel theta functions and Eisenstein series 

Recall that, for each j, we have fixed an isomorphism V ~ V(j) = KesF/QW(j) of 
rational quadratic spaces, and hence an identification 

(4.1) S(V{A Q )) = S(W(j){A F )), V ^ <f F>j 



FALTINGS HEIGHTS OF BIG CM CYCLES AND DERIVATIVES OF L-FUNCTIONS 13 

of the corresponding Schwartz spaces. For example, if <p F = ® w (p F)W £ S(W(j)(A F )), with 
w running over the places of F, then the corresponding ip G S(V(Aq)) is also factorizable, 
with local component <p v = ® w \ v ^p FtW in the space 

S(Res F/Q W(j)(Q v )) = S(® w[v W(j)(F w )) = ® w{v S(W(j)(F w )). 

These identifications are compatible with the Weil representations of SL 2 (Aq) and SL 2 (Air) 
for our fixed additive character ip of Aq and the character ip F = ip o tip/Q of A F , i.e., 

where, on the right side, we view g' G SL 2 (Aq) as an element of SL 2 (A^). We write (p F 
for fF,o- Moreover, we will frequently abuse notation and write p for <p F and identify 
S(W(A F )) with S(V(A)). Note that the Weil representations uw(j),ip F of SL 2 (A F ), which 
are now all realized on 5(V(Aq)), via (14.11) . do not coincide in general. The point is that 
the group SL 2 (F) in the dual pair (SL 2 (F), Resp/ijO (W(j))) arises as the commutant in 
the ambient symplectic group of the subgroup Res F /QO(W(j)) C 0(V), i.e., by a seesaw 
construction, and these subgroups do not coincide. 

Recall that, for each j, we have fixed an isometry fij : W(j)(F) W(F), and an 
element g^ Q G SO(V)(Q) so that the diagram f)2.10p commutes. 

Lemma 4.1. (i) For any (p G S(V(Q)), recall that we identify (p Fi0 = p F with <p via 
S(W(F)) S S(V(Q)). Then 

H){(p) = (u(g ji0 )(p)F,j- 

(ii) The map fi* : S(W(F)) — > S(W(j)(F)) intertwines the Weil representations uw,tp F 
and uiw(j),ip F o/SL 2 (Q) on these spaces, 
(in) For g' G SL 2 (Q) ; and <p G S(V(Q)), 

U) w(j),i> F (g')u(gj,o)<p = u(g jfl )u w ^ F (g')p. 

Here in part (iii), we are working in the fixed space with natural linear action 

of g G SO(V)(Q), u(g)ip(x) = ip^^-x), and the various Weil representation actions of 
SL 2 (F), as described above. 

For z G D, the Gaussian (p^-, z) G S{V{R)) is defined by $5ty . The points z^{j) G D 
are the fixed points of T(j)(R), and 

in 

S(V(R)) = S(Res F/Q {W{j))(R)) = ®iS{W(j) ai ), 
where W(j) ai = W(j) ® Fj(Ti R, and 
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is the Gaussian for the definite space W(j) ai . Note that (Poo,w(j) a . is SO(W^ iCT J-invariant, 
and is an eigenfunction of S0 2 (IR) C SL 2 (R) with respect to the Weil representation uw s „. 
of 'weight' +1 for i ^ j and —1 for i = j. 

For a f^-invariant Schwartz function (p G S(V(Q)) K and r G H, the theta function 

(4.2) 9(r,z,g,<f) = ^(g^p^x, z^g^x) 

is an automorphic function of [z, g] G Xk, where z G D and g G G(Q). By the preceding 
discussion, the pullback of this function to Z(T(j), Zq{j), gj) coincides with the pullback 
of the Hilbert theta function associated to the quadratic space W(j), 

(4.3) 9(r,t, (u}(g jtQ )<p) Fd ) = Vj N(v)~^ ^ uj w{j) (g'^^ w(j) (x) (u(g jt ) V ) FJ ( y t- 1 x), 

xeW(j)(F) 

via the diagonal embedding of EI into H a!+1 . Here f G H d+1 , with components r r = u r + iv r , 
N(v) = Y[ r v r , and g'^ G SL 2 (IR) o!+1 with component g' T in the rth slot. This theta function 
has weight 

:= (1,...,-1,...,1), 

with —1 in the j'th slot. 

Let x — Xe/f be the quadratic Hecke character of F associated to E/F, and let I(s, x) = 
® v I(s, Xv) be the representation of SL 2 (A^) induced from the character x I \ s of the stan- 
dard Borel subgroup. We write for the unique eigenfunction of S0 2 (IR) C SL 2 (F(g) F)tT .IR) 
in I(s,Xffi) of weight k with $^.(l,s) = 1. We define sections in Ioo( s ,Xoo) — ( s ? Xo-J 
by 

and 

For each j, there is an SL 2 (F)-equivariant map 

A, : S(W(j)(F)) -> 1/(0, <p ^ \j(<p)(g) = u WU) ^ F (gM0). 
By (ii) of Lemma [4.11 these maps for various j's are related as follows. 

Lemma 4.2. For if G 5'(V(Q)), one has 

Let $tp(s) G If(s, Xf) be the unique standard section with & 9 (g, 0) = Ao(y?) = Aj(/z* (</?)). 
For ip G S(W(F)) = S(V(Q)) and f = (r , . . . , r rf ) G with r r = u r + iv r „ we define 
the Hilbert-Eisenstein series 

(4.4) E(t, s, <p, 1) = N(v)- l iE(g'„ s, $^ ® 



FALTINGS HEIGHTS OF BIG CM CYCLES AND DERIVATIVES OF L-FUNCTIONS 15 

and 

(4.5) E(f, s, tp, 10')) = Vj N(tf)-*E{jBf f , a, ® %). 

Here N(v) = Yl r v r . Note that, $$\s) is associated to the Gaussian <foo,w(j), so that 
E(r,s,ip,l(j)) is a coherent Eisenstein series of weight attached to the function 

(Poc,w(j) ® /-^(v 5 ) £ ^^(jX^-f)) an d -^(^ s ; V 9 ; 1) is an incoherent Eisenstein series of 
parallel weight 1 (independent of j). The two Eisenstein series are related as follows by an 
observation of [Ku3l (2.17)], [BY2l Lemma 2.3], 

Lemma 4.3. Write 8« = ^— df„.. Then 

-2dj (E'(t, 0, if, 1) dr aj ) = E(t, 0, <p, l(j)) d//(r ff .). 
In this paper, we normalize the Haar measure dh on SO(W / (j))(Ai?) so that 

vol(SO(W(i))(F)\SO(W(j))(A F )) = 2, 

and write c?/i = dh^dhf where dhoo = Yli dh^ with vol(SO(W(j) ai ),dh 00i ) = 1. For the 
convenience of the reader, we first recall |Schol Lemma 2.13]. 

Lemma 4.4. For any function f on 

Z(T(j),z (j), gj ) = T(j)(Q)\{{z (j)} x T(j)(Q)/K 9 T ^), 
the weighted sum 112.6]) of the values of f over this discrete finite set is given by 

f(Z(T(j),z (j), 9j )) = \ deg Z(T,z ) [ f{z (j),t)dt. 

* JsO(W(j))(F)\SO(W(j))(F) 

Here 

4 

degZ(T,z ) = 

VOl(A T ) 

is independent of j. 

Proof. By |Schot Lemma 2.13], the formula holds with deg Z(T, zq) replaced by the quantity 
2/ vol(i^^^). So it suffices to check vol(fC^) = voI(.K't) is independent of j. But this is 
immediate by (KHj) and f l2~T2"|) . □ 

Proposition 4.5. With the notation as above, 

6(r, Z(T(j), z (j), gj ), <p) = C- E(t a , 0, if, 

where 

C= l -deg{Z(T,z )). 
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Proof. Since vol(SO(W(j)) ai ) = 1, one has by Lemma H~4l that 
9(r,Z(T(j),zo(j), gj ) = I deg Z(T,z ) [ 6(t a , t, (u(g j>0 )<p) F>j ) dt, 

1 JSO(W(j))(F)\SO(W(j))(A F ) 

where the theta function in the integral is given by (14. 3p . Now the proposition follows from 
the Siegel-Weil formula, □ 

For x — Xe/f as above, let 



(4.6) A(s, X ) = AH7T- — T(—)) d+1 L(s, X ), A = N F/Q (d F d E/F ) 

be the complete L-function of x- It is a holomorphic function of s with functional equation 

A(s,x)=A(l-s,x), 

and 

A(l, X ) = A(0, X ) = L(0, X ) = 2--^ e Q^, 

where 2 s = \O e : h(E)O f \ is 1 or 2. Let 

E*(r, s, if, 1) = A(s + 1, x) E(r, s, <p, 1) 
be the normalized incoherent Eisenstein series. 

Proposition 4.6. Let ip = (p F G S(V(Q)) = S(W(F)). For a totally positive element 
t G F* , let a(t,ip) be the t-th Fourier coefficient of E*''(r, 0, ip, 1) and write the constant 
term of E*''(r, 0, ip, 1) as 

^(0)(A(0, X )logN(t;) + aoM). 

Let 

£(r,<p) = <p(0) a (<p) + a n(^)? n 

nGQ>o 

where 

On(<P)= a (*>V)- 
teF* , ti F /Qt=n 

Then, writing r A for the diagonal image of r el in M. d+1 , 

E*>'(t a , 0, ip, 1) - S(t, if) - <p(0) A(0, X ) (d + 1) hgv 
is of exponentially decay as v goes to infinity. Moreover, for n > 

p 

with a niP (ip) G Q(<p), the subfield of C generated by the values <p(x), x G 



FALTINGS HEIGHTS OF BIG CM CYCLES AND DERIVATIVES OF L-FUNCTIONS 17 

Proof. Let C = ® V C V be the incoherent collection of local quadratic F^-spaces with C = W 
for finite adeles and Coo is totally positive definite. Then 

%(0) ® $^(0) = A(^®v^oo,c) 

for (p <g> v^oc^ G 5(C) = S(W) <g) 5 (Coo), where = ^ifoofi^ is the product of the 

Gaussians for the positive definite binary quadratic spaces C ar Thus E(r,s,ip,l) is an 
incoherent Eisenstein series according to [Kulj and E*(r,0,(p,l) = 0. By linearity, we 
may assume that the function cp = ® v ip v G S(W(F)) is factorizable, the Fourier expansion 
can be written as 

E*(r, s, <p, 1) = E*(t, s, ViD+Yl E t(^ s ' <P> !) 

with 

d 

e;(t, s , <p, i) = Ai JI w; tP (i, s, Vp ) J] w^fa, s , <&y 

p<oo i=0 

and 

d 

E*(r, s, <p, 1) = V (0)A(s + 1, X ) N(t7)* + Ai J] s, y? p ) J] Wo%, fa, «, ^)- 

p<oo i=0 

Here, for g' G SL 2 (F p ), 

W / t*p(fl ,/ > s > <^p) = l p( s + 1, Xv) W t , p (g', 8, <p p ) 

and 



y 

are the normalized local Whittaker functions, which are computed in [KR YJ and |Ya3] in 
special cases. In particular, [KRY1 Proposition 2.6] (see also |Ya3| Proposition 1.4]) asserts 
that@ 

W^in, 0, SjJ = 2 7 (C CTi ) e{<Ti{t)n), if *i{t) > o, 

WZ i ( t )«M**i)=°> if<r 4 (f)<0. 
Here 7(C CTi ) is the local Weil index, an 8-root of unity. Moreover, in the last case, 

W;; (t)t Jr h 0, & at ) = 7 (C CT J eia^n) ^(An\a t (t)\^) 
is of exponentially decay when Vi goes to infinity. Here 



e" xi r 1 dt, x>0. 



2 The extra '—'in the formula is due to the fact that we use w = (" q 1 ) here for the local Whittaker 
function instead of w^ 1 in [KRY], 
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On the other hand, when everything is unramified at a finite prime p, i.e., E/Qis unramified 
at primes over p, a G Op , and p p = charge,,), one has ( [Ya3t Proposition 1.1]) for t ^ 

7 (C P )~ 1 W t * v (l, s, <p 9 ) = I ordp t + 1 if p split in E/F, t G O p , 

+ (— l) ord p*) if p inert in E/F,te O p . 

In general, 7(C p )~ 1 W i *, ; (l, s, y2 p ) is a polynomial of N(p)~ s with coefficients in Q(<pp) ( |KYj ). 
For t 7^ 0, let D(t) = D(t,C) be the 'Diff' set of places p of F (including infinite places) 
such that C p does not represent t, as defined in |Kulj . Then D(t) is a finite set of odd 
order, and for every p G D(t), the local Whittaker function at v vanishes at s = 0. So 
E^'(f, 0, (p) = unless D{t) has exactly one element. Assuming this and restricting r to 
the diagonal r A = (r, ■ • • , r) with r = w + y/—lv G H, there are two subcases. 
When D(t) = {<Ji} for some i, the above formulae shows that 

e*/(t a , o, <p, i) = w;; it) jr, o, $y n W* p (, 0, •) 

is of exponential decay when v = Im(r) — > oo. 

When D(t) = {p} for some finite prime p, t G -F+ is totally positive, 

E*/(t a , 0, cp, 1) = a(t, cp) q = e(r) 

for some a t (<^) G Q(y) logp, where p is the prime below p. Here we have used the fact that 

d+l 

p<oo i=l 

Finally, for the constant term, one has (see e.g., [Ya3l Section 1] or [KYj ) 

E*(t, s, tp, 1) = p(0) (N(i7) t A(s + 1, X ) + N(^-iA(l - s, x)M v {s)) 

where M v (s) is a product of finitely many polynomials in N(p) _s for finitely many 'bad' 
p, and M v (0) = -1. Recalling that E^(r A , 0, cp, 1) = 0, this gives for r G i 

(4.7) E* ''(r A , 0, <p, 1) = <p{0) (A(l, X )(d + 1) \ogv + 2A'(1, X ) + A(l, x)Mj(O)) . 

The constant term of E* ,f (r A , 0, cp, 1) as a (non-holomorphic) elliptic modular form is 

E*>'(t a , 0, cp, 1) + £ ^'(r A , 0,^,1), 

where the last sum is of exponential decay when v = Im(r) — > oo. This proves the 
proposition. □ 
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5. The main formula 

Let L be an even integral lattice in V, and let K C G(Q) be a compact open subgroup 
which fixes L and acts trivially on L'/L. We also assume that K satisfies the condition 

(5.1) FnG m (Q) = z x , 

where G m is the kernel of the homomorphism GSpin(V) —> SO(V). Let / G Hi^ d p L be a 
harmonic weak Maass form and let h, f) be the corresponding 'automorphic' Green 
function for the divisor Z(f) defined in (I3.13p . 

For t G M. d+1 and r G H, define S^- valued functions by 

(5.2) E{t,s,L,1)= E(t,s,^,1)<pI, £{t,L)= £ 

fxeL'/L fxEL'/L 

where S(t, <p) is defined in Proposition 14.61 an d the normalized incoherent Eisenstein series 

E*(t,s,L,1) = A(3 + 1, X )E(t,8,L,1). 
Define the L-function for an cuspidal modular form g = ^ g^ip^ G Sd+i, PL 

(5.3) C(s,g,L) = (E*(r A ,s,L,l),g) Pet := [ T^gjr) E*(r A , s, 1) v d+1 dfx(r). 

</SL 2 (Z)\H ^ 

It can be viewed as the g-isotypical component of diagonal restriction of the Hilbert- 
Eisenstein series E(r, s, L, 1). 

Remark 5.1. The Eisenstein series E(f,s,L,l) depends on the F-quadratic form on 
L (g) Q = W, not just on the Q-quadratic form on L ® Q = V. When we need to emphasize 
this dependence on the F-quadratic form, we will write L(W) rather than L and 

E*(t, s, L(W), 1) = E*(t, s, L, 1), £(t, L(W)) = £(r, L), C(s, g, L(W)) = C(s, g, L) 

We also caution that L(W) might not be an (9p-lattice, i.e., it might not be (9p-invariant. 

Since the Eisenstein series has an analytic continuation and is incoherent, the L-series 
C(s, g, L) has an analytic continuation and is zero at the central point s = 0. Now we are 
ready to state and prove the main formula. Here, if J2 n a n1 n * s a P ower series in q, we 
write 

CT[^a„g n ] =a 

n 

for the constant term. 

Theorem 5.2. For a harmonic weak Maass form f G Hi_^p L with components f = f + +f~ 
as in ( Iff. 6\) and with other notation as above, 

®{Z{W), f) = C(W, K) ( CT [ </+(r), S(t, L(W))) } + £'(0, £(/), L{W)) ) . 
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where £(/) is the image of f under the anti-holomorphic operator £ : Hi_ d p L — > Sd+i lPL , 
cf. (377\ ), and 

deg(Z(T,4)) 



C{W, K) 



A(0,x) 



Proof. The proof basically follows the same argument as in |BY2} Theorem 4.8]. We write 
L in place of L(W). First, by Lemma [4.31 and Proposition I4.5[ we have 



<S>(Z(T(j),zo(j), gj )J) = J (f(r),e L (r,Z(T(j),z (j), gj ))}dfM(r) 

/■reg 

= C J (f(T),E(T A ,0,L,l(j))dfi(r)) 

/■reg 

= -2C (f(r),d,(E'(T A ,0,L,l)dr)). 

Here C is the constant in Proposition 14.51 So, summing on j, and recalling the definition 
( 127T3D of Z(W), we have 

/•reg 

d>(Z(W/),/) = -4C / (/(r),^^(E'(r A 0,L,l)dr)) 

/■reg 

= -4C y (/(r),a(E'(r A ,0,L,l)rfr)) 

/■reg /reg 

= -4C y d((f(r), E\r A , 0, L, 1) dr)) + AC J (df(r), E'(r A , 0, L, 1) dr) 
-C /i + 4C J 2 , 



where C = 4CA(0, = C(W, K), and 

/■reg 

A = y d((f{T),E*>'(r A ,0,L,l)dT)), 

/■reg 

/ 2 = y^ (a/(r),^'(r A ,0,L,l)dr). 



Recall that 



df(r) = -^v d ^(f)df. 



Thus 

(Bf(r), E*>'(t a , 0, L, 1) dr) = -(£(/), £*>'(r A , 0, L, 1)) rf/i(r) 
is actually integrable over the fundamental domain J 7 , and hence 

h = ~ J iffi), E*>'(t a , 0, L, 1)> v d+1 df,(r) = -C'(0, £(/), L). 
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By the same argument as in [Ku3l Proposition 2.5], [Schol Proposition 2.19], or [BY2l 
Lemma 4.6], there is a (unique) constant A such that 

h= lim ( [ d((f(T),E*>'(r A ,0,L,l)dT)) - A \ogT) = lim (h(T) — A \ogT). 

By Stokes' theorem, one has 



h(T)= I (f(r),E*''(r A ,0,m))dr 

<dT T 

fiT+1 



- f (f(r),E*''(r A ,0,L,l))du 

JiT 

- f T+1 (f + (r), E*''(t a , 0, L, 1)> du + 0(e" eT ) 

JiT 



for some e > since / is of exponential decay and E* ,f is of moderate growth. Proposi- 
tion 14.61 asserts that 

E*'\r A ,0,L)=£(T,L)+A(0,x)(d+l)\og(v)+ £ ^ a(m, /i, v)q m 

IJ,eL'/L mGQ 

such that a(m, fi, v)q m is of exponentially decay as v — > oo. Thus, 
-J 1 (T) = CT[(/ + (r),^(r,L))]+A(0, X )(rf+l)logT+ ^ ^ c + (m, fi)a(n, fi, T). 

/j,EL'/L m+n=0 

The last sum goes to zero when T — > oo. So we can take A = (d + 1) A(0, x), and 

A = - CT[(/ + (r), f (r, L))] 

as claimed. □ 

Remark 5.3. There is a sign error in front of £'(£(/), {7, 0) in [BY2, Theorem 4.7] and 
throughout that paper caused by this error. The +C(£(f), U, 0) in that theorem should be 
—£'(£(/), U, 0). Accidently, in the proof of [BY21 Theorem 7.7], there is another sign error 
relating the Faltings' height and the Neron-Tate height. Two wrong signs give the correct 
formula in |BY2| Theorem 7.7], which somehow prevented the authors from discovering 
the sign error earlier. 

As in [B Y2j . this theorem raises two interesting conjectures. We very briefly describe 
them and refer to [BY21 Section 5] for details. Assume that there is a regular scheme 
Xk — > SpecZ, projective and flat over Z, whose associated complex variety is a smooth 
compactification X C K of X K . Let Z(m, fi) and Z{W) be suitable extensions to X K of the 
cycles Z(m,fj,) and Z(W), respectively. Such extensions can be found in low dimensional 
cases using a moduli interpretation of Xk- For an / G 7/i_ 9i p L , the function $(•,/) is a 
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Green function for the divisor Z(f). Set Z(f) = ^2 ^ m >o c+ (~ m > / i )^( m ! A 4 )- Then the 
pair 

£(/) = (*(/),*(•,/)) 

defines an arithmetic divisor in CH (Xk)c- Theorem 15 . 21 provides a formula for the quantity 
(5-4) (Z(f),Z(W)) OQ = U(Z(W),f), 

and inspires the following 'equivalent' conjectures. 

Conjecture 5.4. Let fi G L'/L, and let m G Q(fi) + Z be positive. Then Z(m,fi) and 
Z(W) intersect properly, and the arithmetic intersection number (Z(m, /i), Z(W)) fi n is 
equal to —~C(W,K) times the (rn,ii)-th Fourier coefficient of S(t,L). 

Conjecture 5.5. For any f G H\_^p h , one has 

(5.5) (£(/), Z(W)) Fal = ~ C(W, K) (c + (0, 0)«(0, 0) - C'(0, £(/), Q) . 

Here k(0,0) is the constant term of £{t,L) 

6. Hilbert modular surfaces 

In this section, we study the case of Hilbert modular surfaces. Let F = Q(yD) be a 
real quadratic field of discriminant D with non-trivial Galois automorphism a and different 
d = dp- Let 

(6.1) V={M= ( a/ ^tn) : *,be®,ueF}^F®Q\ 
with quadratic form 

Q(M) = det(M) = N F/Q (u) - ab, 

of signature (2, 2), and let L be the lattice Op ® Z 2 . Let G be the algebraic group over Q 
such that, for any Q- algebra R, 

(6.2) G(R) = {ge GL 2 (F ® Q R) : det g G R x }. 
Then G = GSpin(V^) and the action of G on V is given by 

g- A = a{g)Ag-\ 

Let 

(6.3) K = {(l d) eG ^ : a,ded F ,ced-\b ed}. 

Note that the dual lattice of L is V ~ d~ l ©Z 2 . Then it is easy to check that K preserves L 
and acts trivially on V / L. By the strong approximation theorem, one has G(Q) = G(Q) + K 
and so 

X K (C) = G(Q)\(D x G(Q)/K) ~X = r\H 2 , 
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where 

r = {g=r h A e SL 2 (F) ■. a,deO F ,ced-\b ed} 

and 

D ~ (H ± x e ± ) . 

Here the subscript indicates the set of pairs (zi, z 2 ) G x ET^ such that Im(^i)Im(z 2 ) > 0. 
Thus, X^(C) is a Hilbert modular surface. 

In fact, the canonical model of the Shimura variety Xk over Q is the coarse moduli 
scheme over Q of isomorphic classes of principally polarized abelian surfaces with real 
multiplication, A = (A,k ,\), k : Op —> End(A), |Ra| Section 1.27]. Hence X = X K (C) 
can be naturally identified with the set of isomorphism classes of such objects over C. This 
interpretation allows us to define CM 0-cycles as follows. 

6.1. CM 0-cycles. Let E be a non-biquadratic quartic CM field with real quadratic sub- 
field F = Q(\/D) with fundamental discriminant D, and let S = {o~i, a 2 } be a fixed a CM 
type of E. Let E be the reflex field of (E, £), the subfield of C generated by the type 
norms 

(6.4) K*{z) = a x {z)a 2 (z), z G E. 

Then E is also a quartic CM number field with real subfield F = Q(Vz)) if the abso- 
lute discriminant of E is cIe = D 2 D. Notice that, in general, D is not the fundamental 
discriminant of F. 

Let CM E (E) be the set of isomorphic classes of principally polarized CM abelian surfaces 
A = (A, k, A) over C of CM-type (Oe, £): A is a CM abelian surface over C with an en- 
action k \ O e c — y End(A) and a principal polarization A : A — > A w satisfying the further 
conditions: (i) the Rosati involution induced by A induces the complex conjugation on E, 
and (ii) there are two translation invariants, non-zero differentials U\ and U2 on A over C 
such that 

There is a natural map (of sets of isomorphism classes) 

f : CM S (£) — -+ X, A = (A, k, A) h> (A, k\ f , A). 

We also let 

j : CM(E) = ]J CM E (£) — ► X, 
s 

so that CM(E) defines a 0-cycle on X. The main purpose of this section is to use Theorem 
15.21 to derive a formula for $(CM(i?),/) for any / e H Q p L , which is a generalization of 
jBYTl Theorem 1.4]. 
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6.2. GM(E) as an orbit space I. Given A = (A, k, A) G CM E (£), let M = H X (A,Z) 
with the induced C^-action and the non-degenerate symplectic form 

A : M x M -> Z 

coming from the polarization of A. In particular, A defines a perfect pairing on M and 
satisfies 

X(n(r)x, y) = A(x, rc(f)y), r G E , x,y e M, 

so that (M, A) is an (9^-polarized CM module in the sense of [HYj . The action k makes 
M a projective O^-module of rank one, isomorphic to a fractional ideal 21 C -E. The 
polarization A induces a polarization A^ on 21 given by 

(6.5) A 5 :2lx2l^Z, X^(x,y) = tT E/Q ^xy. 

where £ G -E x with £ = — £. A simple calculation shows that A is a principal polarization 
if and only if 

(6.6) a:= £d E/F mr)F = d- 1 . 

Moreover, A is of CM type £ if and only if £(£) = (oi(£), 02(6)) e see f° r example 
[BYil Lemma 3.1]. 

The converse is also true; given (21, £) satisfying (16. 6ft . there is a unique CM type £ of 
.E such that E(£) G H 2 , and one has 

A(2l, := (A = (21® 1)\(E ® Q R), «, A ? ) G CM S (£). 

Here we identify £ <g> R with C 2 via the CM type E. 

Two such pairs (21, 6a) and (93,6b) are equivalent if there is an r G -E x such that 

03 = r2l, rf6s = £a- 

Let PF(E) be the set of equivalence classes of pairs (2l,£ a ) satisfying MM . and let PF S (£) 
be the subset of (21,6a) with £(6a) G H 2 . Let C{E) = 1(E) / P(E) be the generalized ideal 
class group of E, where 1(E) is the group of pairs (3, C) where 3 is a fractional ideal of E 
and C G F x with 

33 = CO E , 

and P(E) is the subgroup of pairs (tOe, rf) for r G -E x . The group C(E) acts on PF(i?) 
by 

(6.7) (3,0 «(a,0 = (3a,r 1 0- 

The following lemma is easy to check and is left to the reader. 
Lemma 6.1. Let the notation be as above. Then 

(1) The map (21, £) (->■ A (21, £) gives a bijection between PF(E) and CM(E) and between 
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PF S (£) and CM S (£). 

(2) The action of the group C(E) on PF(E) defined by ^6. 7| ) is simply transitively. 

The action of C(E) on PF(E) gives thus a simply transitive action of C(E) on CM(E), 
which can also be described via the Serre tensor product construction as in [HYJ. 

6.3. Special endomorphisms. To a pair (21,0 in PF S (£), we can associate a lattice 

(6.8) L(2t, = {j e End(2l) : j o «(a) = «(<r(a)) o j, j* = j} 

of special endomorphisms, and let V(%,£) = £(21, ® Q- Here j* is the adjoint of j with 
respect to the pairing Ag defined by (16. 5p . If A = A (21, 0; we wu l a l so write L(A) and 
V(A) for L(2l, an d respectively. In the notation of |HYj . L(A) is associated 

to the polarized CM module M = H±(A) = 21 (not the lattice of special endomorphisms 
associated to the polarized CM abelian variety defined in [HYj Section 2]). The following 
slight refinement of [HY, Proposition 1.2.2] shows that Q%(j) = j 2 is a integral quadratic 
form on L(2l, 0- 

Lemma 6.2. Let (21,0 e PF E (£). 
(1) There are a, (3 e 21 sitc/t £/jcj£ 

21 = £> F a + d" 1 /?, f(a/3 -a/3) = 1. 

(%) Let a and (3 be as in (1) and identify 21 with Op © d^ 1 C F 2 via 

f := f a ,p-M->0 F ®d~\ xa + y/3^ 

and define 

k := K(Xt p : O e -> End OF (C F © (T 1 ) C M 2 (F), 

r(a,/3) (fj =(a,/3)«(r) 
TTien t/ie polarization A^ becomes the standard symplectic form A st on F 2 groen fry 

Ast((^l, J/l)*, (#2, 1/2)*) = tr F/(Q (xi2/2 - X2l/l)- 

(3) Moreover, define jo G End«j(F 2 ) by jo((x,yY) = (cr(x), o~(y)) t . Then, for V and L 
given in W. there is a Q-linear isomorphism V —> 1^(21,0 given by v ^ voj and this 
isomorphism sends L onto L(2l, 0- 

(4) Q%(J) = j 2 ^ s 0, Q- quadratic form on V(2l, 0; and the quadratic lattice (L(2l, 0; Q1&4) — 
(L, Q) is independent of (21, £)• 

Proof. It is easy to check using (16.61) that the map 

O f -* Hom OF ( A 2 0p 21, d~ 1 ) = Hom z ( A 2 0p 21, Z) , a 1-+ A a? 
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is an isomorphism ([BYl] Lemma 3.1]). 
(1): One can always write 



21 = Q F a + f/3 



for some fractional ideal f of F and a, ft G 21. Using the above isomorphism and explicit 
calculation, one gets 



F = {i{al3-al3) s id F )- 1 . 
So replacing (3 by a(3 and f by a -1 f if necessary, for some a, we may choose f = and 

£{ap - ap) = 1. 

For (2), a simple calculation gives 

Kt(f(zi),f(z 2 )) = \s(z 1 ,z 2 ) 

for Z{ = Xia + yifi G 21. Write j = C o j . Then j o «(a) = «;(cr(a)) o j for all a G F if and 
only if C G M 2 (F). Write w — ( -i o )• Then one has for z\ — {xi-, yif G F 2 

\ st (j(z 1 ),z 2 ) = ti F /Q(a(x 1 ),a(y 1 ))C t w(x 2 ,y 2 ) t 

= tr F /Q((x 1 ,y 1 )a(C) t w(a(x 2 ), (r(y 2 )f) 

= tv F/Q ((xi,yi)wa(Cy((7(x 2 ), cr(y 2 )Y) 

So j* = a(Cy o j . So j G U(2l, if and only HCeV. Next, j G L(2l, f) if and only if 



for all G C F © a, i-e., Cel. 

For (3), one simply checks that j — C o j G L(2l, £) satisfies j 2 = detC = ua{u) — a&, 
which is an integral quadratic form. So (L(2t, £), Qa) — (A <5) is independent of (21, £). □ 

6.4. CM(£/) as an orbit space II. The following finer structure on V(2l, £) was discovered 
in |HYl Section 1], see also [BYT] Section 4]. 

Proposition 6.3. Let (21,0 € PF S (£). T/jen V(2l,0 /ias an E -vector space structure 
defined by 

N s (r) mj = K(r)ojo K (r), r G E, j G V(2l,0- 
Moreover there is a unique F -valued quadratic form on ^(21, £) such that 



for any j G V(2l, £) and f £ E. Here (,)% is the symmetric bilinear F-form associated to 



Proof. This is described in detail in |HYt Section 1]. We just replaced the CM field E$ in 
|HY] by E, which is isomorphic to E$ via the reflex homomorphism induced by a ® b \— > 




<5«(i) = tr^/Q (f • 31,32)% = (ji, r • j 2 )a 



o"i (a) a 2 {b). 



□ 
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Let VT(2l, £) = (V(2t, £), Qsi) be the F-quadratic space associated to (21, £), an d let 
L(2l, £) = L(2l, £) but with the F-quadratic form Q%. Recall that 

(L(2t,0,tr #/Q Q a )^(L,Q) 

as quadratic Z-lattices. By Proposition 16.31 there is an a G F x such that W(2l, £) = 
(E,azz), and so SO(VT(2l., £)) = F 1 . Let T# be the algebraic group over Q such that for 
any Q-algebra R, 

(6.9) T E (R) = {t G (E® R) x : tt G Q x }. 

Note that the embedding k = K a ^ of (2) of Lemma 16.21 identifies T E with a maximal torus 
in the group G defined by (16.21) . Let S E be the algebraic group over Q such that for any 
Q-algebra R, 

(6.10) S E (R) = {t G (E® R) x : tt = 1}. 

In particular, S E (Q) = F 1 , and S E = Kesp,Q SO(VF(2l, £)). Moreover, by [HY, Lemma 
1.4.1], the action of on V(2l, £) defined by 

(6.11) fj = iK(t)ojoK(t) 
determines an exact sequence 

(6.12) i _> Gm — ► T B — ► 1, i/ s (*) = *®*. 

So, under the identification of G with GSpin(V) given above, T E is identified with the 
maximal torus T of GSpin(V) associated to W(2l, £) by the construction of Section 2. 
Note the shift in notation (!), so that we are now writing E for the field denoted by E in 
Section 2. By the construction of Section 2, we then have a CM cycle 

Z{W{%,£),4) = T(Q)\{z±} x T(Q)/U E , 

where 

U E = {r G 6 E : rf G Z x } = K n T(Q). 

Indeed, U E C iTnT(Q) and is a maximal compact subgroup of T(Q), soU E = K(~)T(Q). 
Let C(T) = T(Q)\T(Q)/U E be the 'class group' of T. Define a homomorphism 

C(T)->C(£), [t] ->[((*),&)]> 
where (t) = tO E H F is the ideal of E associated to t, and Q G Q>o with 

( t z = ttz n Q. 

Via this group homomorphism, C(T) acts on CM(E). 

Suppose that z£ = z£(W(%,£)) G D+ is such that the point [z£,l] G X K (C) = X 
corresponds to the isomorphism class of A = A(2l, £) G CM S (F). Then, for t G T(Q), 
[zo,t] corresponds to t • A. The points Zq go to the same point in X since diag(l, —1) G 
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fl K. On the other hand A = (A, k, A) G CM S (F) also has the same image in X as 
A. So we can view Z(W(QL, £), 4) as the C(T)-orbit of A in CM E (F) and Z{W{% £), 
as the C(T)-orbit of A in CM S (F). Let S' and E' be the other two CM types of E. 

Lemma 6.4. (1) For any t G C(T) and (21,0 G PF S (F), t/iere zs an isomorphism 

(iy(t.(2l,0),4.2i) = (^(2t,0,Q2i) 

of quadratic spaces over F inducing an isomorphism (L(t» (21, £)), Qt»st) — (L(2l, Qa)- 
^ There is a class c = (3,C) £ C(i£) snc/i t/iai c • (21,0 /ias CM type E' /or every 
(21,0 e PF S (E) and (L(c • (21, 0), Q«a) = (£(*,£),<&). 

Proof. (1) It is clear that 

/: L(2l,0^^(t»(2l,0) i^i*> 
is a Z- linear isomorphism, where jtitm) = j(m) for m G 21. It is also clear that the induced 
isomorphism /q : H^(2l, — > Wit •21,0 i s F-linear. One checks 

QUt) = Jt = f = QU), for all j G W(% 0- 
So, by uniqueness, one has 

Qt.a(j*) = QaO')> forallj G W(2t,0. 

Thus, / is an F-quadratic isomorphism which sends L(2l, £) onto L(t • (21, £))• On t ne 
other hand, since both (21, and t • (21, are of the CM type E, there is an Foe-quadratic 
isomorphism f^ between VK(2t, 0oo an d W(i • (21, 0)oo by |HYt Proposition 1.3.5]. By 
the Hasse principle, one has W(%(i) = W(t • (21,0)- This proves (1). Claim (2) is [HYl 
Proposition 1.4.3]. □ 

Corollary 6.5. For A = A(2l,0 G CM E (F), let Z(A) = Z{W{%£)) be the CM cycle 
defined in Section® Then, as a subset ofCM(E), Z(A) is the union of the C(T)- orbits 
of A, A, c • A, and c • A, where c is a fixed element in C(E) satisfying the condition in 



Lemma 6.4 



Remark 6.6. By the definition in Section [2j each point in Z(A) is counted with multi- 
plicity where we is the number of roots of unity in E. Furthermore, since Zq and z$ 
go to the same point in X (resp. A and A go to the same point in X), the image of a 
point in CM(F) in X is counted with multiplicity ^- in this paper. 



Remark 6.7. A key point here is that the 0-cycle CM(F) associated to the non-biquadratic 
CM field E/F via moduli coincides with a union of 0-cycles associated to the quadratic 
spaces W(2l, £) for the non-biquadratic CM fields E/F via the Shimura variety construction 
of Section 2. Note that the Shimura variety Sh(G, D) for G = GSpin(V) is only PEL in 
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this case due to an accidental isomorphism; this accounts for the duality between the roles 
of the fields E/F and E/F. 

Combining Theorem 15.21 with Corollary 16.51 one has the following theorem. 

Theorem 6.8. Let f G H Q p L , and let E be a non-biquadratic CM quartic field with real 
subfield F and a CM type E. Let 

4 |g(r)j 
w E A(0,xY 

(1) For A G CM S (£), we have 

<&(Z(A), /) = c(E) (CT[</+ £(t, L(A)))] - £'(0, £(/), L(A))) . 

(2) We have 

$(CM(£), /) = c(E) {cT[(f\ £(r, L(A))>] - £'(0, £(/), L(A))) . 

AeC*(T)\CM E (£) 

Note that, for A = A (21,0, we are writing L(A) for L(2l,f) and W(A) for 
Notice also that £(A) is L = L(V) with F-quadratic form Qa- 



Proof. By Theorem 15.21 and Corollary I6.5[ one has 

S(Z(A), /) = Cl (F) (CT[(/ + , £(r, L(A))>] - £'(0, £(/), L(A)) 

with 

degZ(W(A),4) 



A(0,*) 

Here \ ls the quadratic Hecke character of E associated to E/F. By the proof of [Ya41 
Proposition 3.3], one has 

(6.13) A(s, X ) = A(s,x). 

So Ci(E) = c(E) by Remark 16.61 Claim (2) follows from (1) and Corollary 16.51 □ 

6.5. Integral structure. In this section, we assume that d E = D 2 D with D = 1 mod 4 
prime and D = 1 mod 4 square free, and give a more explicit formula for the CM value 
$(CM(F), /). Let £ be again a CM type of E and let F be its reflex field. Consider the 
F-quadratic space 

~ ~ - zz 

(6.14) W — E, Q(z) = -= 

VD 

with even integral lattice L = O^. 
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Proposition 6.9. Let the notation and assumption be as above. Then for any A G 
CM^(E), there is an F -quadratic isomorphism 

<f> A :{W{A),Q A )^(W,Q) 

such that <p A (L(A)) is in the same genus as L. In particular L(A) is an Op-module and 
all (L(A),Q A ) ore in the same genus. 

Proof. Let A = A(2t,f) G CM S (£) and let a and p be chosen as in Lemma 16.21 Define 
: W(A) = V^E, 4>{A) = 4=M«), (Ti(P))Aw(<T2(a), ™ = ( -°i o ) • 



We first prove that is an isomorphism of quadratic spaces over F between (W(A), Q A )) 
and (E, -J^- — )• To verify the claim, let 

VDN(2t) 



(6.15) V 1 = {AeM 2 (F): a{A) = A*} = { ( ^ « ) : a, b G Q, u G F} 
with quadratic form Qi(A) = D det A, and let 

(6.16) 4>x'V^V u A^-^=Aw, 



(6.17) 2 : 7i £(£), A ^ fa (a), 7r 1 (/3))A(7r 2 («), tt 2 (/3))'. 

Then = 2 o 0i- It is easy to check that 0i is a Q-isomorphism between (V, det) and 
(Vi,.Ddet). On the other hand, 2 is basically the map in |BYlt (4.11)], and is a Q- 
isomorphism between (Vi,Ddet) and (E, — trp/Q ^ z — ). So is a Q-quadratic space 



\D N(2l) 

isomorphism. Next, For f = Ng(r) G E with r G E x , one has 

0(f.A) = ^(^i(«)^i(/3))^)^WX^(a),a 2 (/3))* 
v ^ 



' fa(ra), a 1 (r/3))Aw( K (r) t )*(a 2 (a), ^(/S))' 



^i(ra), o-i(r/3))y4w(a 2 (ra), a 2 (r/3))' 



= a 1 (r) ( x 2 (r)0(A) = f0(A). 

So is .E-linear. So is an F-quadratic space isomorphism between (W(A),Q A ) an d 

i==r- — ), as claimed. 

V-DN(a) 

Second, 

L°(d F 1 ) = {{J x) x a )eV l : ae^beZ,\ed- 1 } 
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is a lattice in (V±, D det). Then, by |BY1[ Proposition 4.7], one has 

0(L(A))=0 2 1 (L) 

= <p 2 {L\d F 1 )) 
= N s (2l). 

Here N s (2l) is the type norm of 21 defined as 

N s (2i) = tri(a)cr 2 (a)c? A/ he 

for any Galois extension M of Q containing both E and E. Thus, L(A) is actually a 

fractional ideal in E, and in particular an F - lattice, and we have 

~ zz 
(6.18) : L(A) = (L(A), Q A ) = (N s (2l), — = ). 

\ADN(2t) 

Third, we prove that for every A = A (21, £) G CM S (F), one has for every finite prime p 
of F 

(6-19) ( Ne (SI) Pi --^^)^ 
Notice that f [BYTl Corollary 4.5]) 

(6.20) N£ /Q 0j /# = -D, N^(N s (2l)) = N(21)O f . 

In particular, E/F is ramified at exactly one prime 2) of F and this prime 25 is above D. 
For each prime ideal p ^ 2) of F, there is a generator a of (N s (2l))p such that aa = N(2l). 
Sornir/a gives 

1 zz 1 ~ ~ 

((N E 2l) p ,-^=-— ) - {p &jfi --=zz) = (L P ,Q). 

For p = 2), one has similarly, 

(N S (2l), - ) = {O Sj0 , -c^=z-z) 

V£>N(2l) VD 

for some some cG0L with 

N(2l) = caa, a G N E (2l)s>. 

Since both W(A) and are global F-vector spaces, and have thus global Hasse invariant 
1, one sees that they have the same Hasse invariant at 2) too. This implies that c G 
Ng s ^ B (0~ ), and one has again ( I6.19P for the prime p = 2). Finally, clearly W(A) and 

H 7 are isomorphic at all infinite places of F by f)6.18p . So there is an A^. isomorphism of 
A^-quadratic spaces 

0' A : (W(A) A ,Q A ) = (W A ,Q) 
such that (j)' A (L(K)) = L. By the Hasse principle, one proves the proposition. □ 
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Let 

(6.21) E*(t,s,L,1)= £ E*(t,s,^,1)^ 

neL'/L 

be the associated incoherent Eisenstein series, and let S(r, L) be the holomorphic part of 
E*''(t a , 0, L) with rGl Note that 

L'/L ~ ^ Z/DZ. 

Remark 6.10. In |BY1| Section 6] (where our F is denoted by F), a slightly different 
F-quadratic space is used: 

W + = E, Q + (z) = -^=zz 

VD 

with lattice L + . This corresponds to CM S (E) where £' is a CM type of E which is not 
S or its complex conjugation. Notice that —1 e Ng/j, ® e - S° L is isomorphic to L + , and 
the associated incoherent Eisenstein series are the same: 

E*(t,s,L,1) = E*(t,s,L+,1). 

It is interesting to compare this with Lemma [6.4( 2). 

Theorem 11.21 is almost clear; we restate it as follows. 

Theorem 6.11. Assume cLe = D 2 D with D = 1 mod 4 prime and D = 1 mod 4 square 
free. Let L = O e with quadratic form Q(z) = j^zz. Then 



$(CM(£), /) = c'(E) (CT[< / + (r), £(r, L)>] - £'(0, £(/), L) J . 

where 

deg(CM(g)) 
C(£)= 2A(0,*) • 

In particular, when D is also prime, c'(E) = 1. 
Proof. By Proposition I6.9[ one has 

£(r, L(A)) = £(r, L), C(s, ((f), L(A)) = C(s, ((f), L) 
for all A e CM S (£). So Theorem El gives 

*(CM(JB),/) = c(F)|C(T)\CM s (S)| (CT[</+(t),£(t,L)>] - £'(0, ((f), L)) . 
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Finally, 

w E A(0,yJ 
1 |CM(£)| 
~ vte A(0,x) 
_ deg CM(E) 
2A(0, X ) 

as claimed. The last claim, c'(E) = 1, follows from this and |BYlt (9.2)], since our points 
here have multiplicity 2/we and our CM(E) is twice the CM cycle there. □ 

6.6. Scalar modular forms. In this subsection, we again assume that cLe = D 2 D with 
D = 1 mod 4 prime and D = 1 mod 4 square-free, and translate Theorem 16.111 into the 
usual language of scalar modular forms, finally compare it with [BYll Theorem 1.4] in the 
special case considered there. Under the identification 

X = SL 2 (C F )\H 2 , 

the Hirzebruch Zagier divisor T n defined in [BYlj is related to the special divisor Z(m,p) 
via 



(6.22) T n 



Z(%,0) if D\n, 

Z(%,p) + Z(%,-p) if£>{n. 



Here, in the second case, \i G L'/L is determined by the condition that = % mod 1. 
Let k be an even integer, and let Ak tP be the space of real analytic modular forms of weight 
k with representation p, where p = pi or p L . Let A~£(D, (— )) be the space of real analytic 
modular forms / S c( r ) — a (^, v)q n of weight k for the group Tq(D) with character (— ) 
such that a(n,v) = whenever (— ) = —1. Here we use / sc to denote a scalar valued 
modular form to distinguish it from vector valued modular forms in this paper. Then the 
following lemma is proved in [BBJ. 



Lemma 6.12. There is an isomorphism of vector spaces A^^ — >• A~£(D, (—)), 

fieL'/L 

The inverse map is given by 

7 Gr (D)\SL 2 (Z) 
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where Wb = (do) denotes the Fricke involution. Moreover, if / sc (r) = ^2 n a(n, v)q n , 
then f has the Fourier expansion 

f = \ E E ~<n,v) q n ' D ^ 

u&L'/L n&L 

n=DQ(v) (D) 

where a(n, v) = a(n, v) if n ^ mod D, and a(n, v ) = 2 a(n, v) if n = mod D. 

In particular, the constant term of / sc agrees with the constant term of / in the (po com- 
ponent. The isomorphisms of Lemma [6.121 take harmonic weak Maass forms to harmonic 
weak Maass forms, (weakly) holomorphic modular forms to (weakly) holomorphic modular 
forms, and cusp forms to cusp forms. 

Let 

(6.23) E: c (t,s) = -±=E*(T A ,s,fo,l)\W D 



be the scalar image of E*(t a , s, L, 1), and let £ sc (t) be the holomorphic part of 

/» = ^£ S *c(T,s)U. 



Then f(r) is the function defined in [BYll (7.2)]. By |BY11 Theorem 7.2], we have the 
following lemma. 

Lemma 6.13. Let the notation be as above. Then 

£ sc (r) = -2A'(0, X )-4 b m q m 

mSZ>o 

where 

b m = E Bt 

j n + myff) C/ J— 1 

l - 2D ba E /F 

\n\<m\/f) 

with 

fi t = (ord,+l)p(t^r 1 )logN([) 

for some (and any) prime ideal of F with Xi(t) = — 1. Here x the quadratic Heche 
character of F associated to E/F. Finally 

P (a) = |{2lc^: N S/# Sl=a}|. 

Now let f sc = /+ + /~ e Hq(D, (— )) be a harmonic weak Maass form with holomorphic 
part 

tew = E C+ H^ 
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and let 

-+/ _ /2c + (n) if D\n, 
° {n) ~\c+{n) ilD\n. 
Let / G H ^ L be the associated vector valued harmonic weak Maass form. Define 

(6.24) T(/ sc ) = J2c + (-n)T n , $(z,/ sc ) := $(z,f). 

n>0 

Then one sees that T(f sc ) = Z(f) by (16.221) . Define the Rankin-Selberg L-series 

(6.25) £ SC ( S ,£(/ SC ),L) = (E* ac (T, s),Z(f sc ))pet- 
Then a straightforward calculation gives 

Lemma 6.14. (1) 

C(s, £(/), L) = l -D{D + l)£ sc (s, e(/ sc ), I). 

(2) 

CT[</+ £{t, L))} = -2c+(0)A'(0, X ) ~ 2 J2 

n>0 

Combining this with Theorem 16.111 we obtain: 

Corollary 6.15. Let F = Q(\/~D) with D = 1 mod 4 prime, and let E be a CM non- 
biquadratic field with absolute discriminant 6e = D 2 D where D = 1 mod 4 is square free. 
Iff sc eH+(D,(°)), then 



$(CM(E),f ac ) = -2c'(E) 



J2~c + (-n)b n + c+(0)A'(0, X ) + D{D + 1) C' sc (0,afs C ),l) 



n>0 



Now we assume that / sc = Yl c + {n)q n G Hq(D, (— )) is weakly holomorphic, i.e., £(/ sc ) = 
0, and that c + (n) G Z for n < 0. Then there is a (up to a constant of modulus 1 unique) 
memomorphic Hilbert modular form ty(z,f sc ) of weight c + (0) with a Borcherds product 
expansion whose divisor is given by 

div(*)=T(/ sc ), 
sec [BB, Theorem 9]. Morever, by construction it satisfies 

-log||*(z,/ sc )||| et = $(z,f 8c ), 

where 

||*0zi, z 2 ,/ S c)||let = l*(^i^2,/sc)| 2 (4vre-^ l2 / 2 ) c+ (°) 
is the Petersson metric (normalized in a way which is convenient for our purposes), and 
7 = — r'(l) is Euler's constant. 
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Corollary 6.16. Let the notation be as in Corollary \6.15\ and assume that f sc is weakly 
homomorphic. Then 

\og\\^(CM(E)J sc )\\ Pet = c'(E)J2o + (-n)b n + c'(E)c + (0)A'(0, X )- 

n>0 

When D is also prime, we have c'(E) = 1. Then this corollary coincides with [BY 14 
Theorem 1.4], since the CM points in this paper are counted with multiplicity and our 
CM cycle is twice the CM cycle there as a set with multiplicities. 

Combining this corollary with the |Yall Theorem 1.2], one has the following theorem, 
which verifies a special case of Conjecture 15.51 

Theorem 6.17. Assume that E is a quartic CM number field with absolute discriminant 
dp = D 2 D and real quadratic subfield F = Q(\/D) such that D = 1 mod 4 is prime and 
D = 1 mod 4 is square-free. Assume further that 

w + \J~K 
o E = o F + o F Y 

is free over Op, where w, A G Of- Then c'(E) = 1. Moreover, let X be a regular 
toroidal compactification of the moduli stack of principally polarized abelian surfaces with 
real multiplication by Op, |Ra] . |DPj . and let T n be the closure of T n in X. Let CM.(E) 
be the moduli stack of the principally polarized abelian surfaces with CM by Oe- Then for 
any f sc e H^(D, (-)), one has 

(f(f sc ),CM(E)) Fal = -ic+(0)A'(0, X ) - D{D 8 +1) £> c (0,afsc),L). 

Here 

T(f sc ) = (T(/ K ), *(*,/«:)) = ( ^£ + (-n)r„,,$(^,/ sc )) G CH(X) C . 

n>0 

Proof, (sketch) First notice that CM. (E) does not meet with the boundary of X and that 
CM(E) intersects with T(f sc ) properly. Notice also that CM(E)(C) = |CM(£) since 
each point in CM.(E)(C) is counted with multiplicity ^- (each point A in X is counted 
with multiplicity Aut x (A) ). 

First, take / sc to be non-trivial weakly holomorphic with c + (0) = so that T{f sc ) = 
in GH(X) C . So 

0= (t{f BC ),CM{E)) Fal = (T(f sc ),CM(E)) &n -^log\^(CM(E)J sc )\, 
and consequently 

(T{f sc ),CM{E))^ = l - c \E)Y,c + {-n)b n 

n>0 
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by Corollary 16.161 On the other hand, [Yalj Theorem 1.2] (which uses Corollary 16. 16[) 
asserts that 

(6.26) (T(f sc ),CM(E)) &n = l£V(-n)& n . 

n>0 

So d(E) = 1. 

Now for a general / sc , one has by definition, ( 16.261) and Corollary 16. 151 that 
(r(f ac ),CM(E)) m ^(r(f sc )XM(E)) &n -^CM(E)J sc ) 

= -~c+(0)A'(0,x) - D{D 8 +1) C' sc (0,af sc ),L). 
This concludes the proof of the theorem. □ 

We remark that f !6.26|) verifies a special case of Conjecture 15.41 and that this corollary 
is a generalization of |Yall Theorem 1.3]. A slight refinement of the main result in |HY] 
together with Theorem 16.81 should settle Conjectures 15.41 and 15.51 completely for Hilbert 
modular surfaces. It would also settle the Colmez conjecture ( [Co] . |Ya4] ) for CM abelian 
surfaces. 
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